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1. Introduction. In the present paper we shall consider the effect of small
perturbations on the spectrum of the selfadjoint operator — A associated with
certain homogeneous boundary conditions in a domain S. We shall then apply
these results to scattering theory. In all of the cases considered, a spectral repre-
sentation for the unperturbed operator is obtained with the aid of separation of
variables.

In §§2-4, S will represent a wedge shaped region in two dimensional Euclidean
space (R?), and the unperturbed operator 4, will be given by —A acting on functions
which vanish on S (the boundary of ). (Higher dimensional cones may be treated
similarly.) We shall first perturb the operator 4, by altering a finite portion of the
boundary of S. We assume that the perturbed domain Q has a sufficiently smooth
boundary Q. The new operator 4 is defined in the same manner as A, with S
replaced by Q.

We shall prove that A is unitarily equivalent to 4, by employing the method of
distorted plane waves, first used to prove an expansion theorem by Ikebe [7]. This
method was also used to deal with the exterior problem for the Laplacian by
Shenk [11], and Shizuta [13]. The author [5](?), extended this method to treat
certain domains with infinite boundaries. The domains in I were perturbed infinite
cylinders.

In §2, we consider the unperturbed operator 4,. A complete, orthonormal set
of generalized eigenfunctions W2 are exhibited. Employing the functions W, we
immediately obtain a spectral representation for 4,. The spectrum of 4, is abso-
lutely continuous and the spectral multiplicity is infinite at each point in the
spectrum of A,. This differs from the case of an infinite cylinder, for which it was
proven in I that the spectral multiplicity is nonuniform and finite throughout the
spectrum. (Note that it follows from the results of §2 that the operators associated
with different wedges are unitarily equivalent to each other.)
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(2) [5] and [6] will henceforth be referred to as I and II, respectively.
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In §3, we construct two sets of generalized eigenfunctions W,* of the operator
A. The method used is that of limiting absorption, employed by Eidus [4], to solve
a boundary value problem in a perturbed semi-infinite cylinder. The functions
W —WoAW; — W?2) will satisfy a certain set of “outgoing” (“incoming”’) radia-
tion conditions at infinity.

In §4, the functions W,' are shown to form a complete orthonormal set of
generalized eigenfunctions. The proofs follow along the same lines as those in 1.
The major difference occurs in the statement and proof of Lemma 4.2. This is due
to the fact that in I, we assumed that Q< S, whereas, using the arguments of this
section, we need not impose this restriction. There are also additional technical
difficulties due to the fact that the spectrum of A has infinite multiplicity. Observe
that the results of this section include the case in which S is the entire plane.
However, we have used a different set of generalized eigenfunctions than those
employed in [11] and [13], ours being countable in number for each A> 0, whereas
the eigenfunctions in [11] and [13] are uncountable.

In §5, we apply our results to scattering theory. In particular, we establish the
existence, unitarity, and invariance of the wave operators

WL ($(A2), $(45™)) = 1im exp [itd(4"*)]J exp [~ itd(45?)]f,

where ¢ belongs to a wide class of real-valued functions and J denotes a continuous
mapping from L,(S) into L,(€2). Analogous results were obtained by Kato [9],
Shenk [12], and the author, II. We apply our results to obtain the existence and
unitarity of the scattering operator & =(W*) 1W~. We extend these results to
the wave equation in Q.

In §6, we express the operator & as a matrix whose elements depend explicitly
on the outgoing waves. In §7, the previous results are extended in several directions.
Different domains (of arbitrary dimension) are considered as well as more general
boundary conditions. Also, the operator 4, may be perturbed by varying the
coefficients (for example by adding a potential to —A) or by perturbing the bound-
ary conditions. The same methods are applicable to these problems.

We remark at this point that results of Birman [2], imply the unitary equivalence
of the absolutely continuous parts of 4 and 4,. No mention is made in [2] however,
of the outgoing or incoming waves.

2. Preliminaries. The main result of this section is an analogue of the Fourier
inversion formula. This will follow from Theorem 2.1. We begin with some de-
finitions. Let X =(X;, X;) represent an arbitrary point in R? and set r =(X7 + X2)*/2,
f=tan~! (X,/X;). Let S denote the cone: r=0, ma= 020, where 2=a>0. We
perturb S to obtain a domain  satisfying the following conditions:

(1) Q=S for rzr,.

(2) Q is a C? curve with the possible exception of the point r=0. If r=0 is a
singular point then it is bounded away from Q—S.
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(3) Q—S is made up of at most a finite number of domains D, such that each
D; is obtained by reflecting a bounded subset D} =S successively across the lines
0=na, 0=2ma,..., 0=Mnre (Ma<2).

We denote by Q,, (Q;,) the set of points X in Q (Q) for which r<r,, and let .
represent the intersection of Q with the circle r=r,. Clearly, we have Q, =Q; U [, .
We define Q,, ,, (<7, .,,) as the set of points X in Q () for which r; <r<r,.

Let us recall the notation used in I. Suppose B is an arbitrary domain in R!
or R%, m is a nonnegative integer, and ¢(x) € C5°(B). Set

(T — (lagm fB |D°‘¢(x)|2dx)1/2,

where a=(ay, ..., ay), ||=a;+ - +ay, and each «; is a nonnegative integer.
Denote by H,,(B) (H,(B)), the completion of C&(B) (C*(B)) under the norm given
by | [ma, Let Hp°(B) consist of those functions f(X) satisfying the condition
f(X) € Hy(B') for every bounded subset B'< B. Finally, set |u|mq,=[#]n,, and
":u'“m(n,l‘,z) = "I"'"m(r,.r,)'

We next define a selfadjoint operator Ay acting in the Hilbert space Ly(B). Ay
will denote the Friedrichs extension of the operator given by —A acting on C{(B).
It is well known that Ay is a nonnegative operator. Set As=A4, and Ag=A. In this
section we consider the unperturbed operator 4,. We begin by constructing a
complete, orthogonal set of generalized eigenfunctions W2(X; ) of A,.

Suppose A>0. In polar coordinates, the equation (A+A)u=0 becomes u,,
+ o [r+ pog/r?+ Ap=0. The boundary condition is u(r, 0)=pu(r, 7¢)=0 for r>0.
Separating variables, we obtain the following solutions:

Wax; A) = (7)™ V2,o((X)1?r) sin (nb]a),

where J,;, denotes the Bessel function.
We define a Hilbert space H as follows. The elements of H will be sequences of
functions A= (h,(A), hy(R), ...)={h,(A)} defined on (0, c0) and such that

S f " )P ) < oo,
Suppose g={g.(\)} and A={h,(A\)} € H. Set
(g B = Z L ” g VD) dA.

Under the inner product given by ( , )y, H clearly forms a Hilbert space.
We next construct a pair of linear mappings from Ly(S) into H and from H
into L,(S). For each ¢(X) in C&(S), set
Top = 00 = { [ s0wsox w ax).
For each y={y,())} in H satisfying the conditions:
2.1 $(A) € C5°(0, 0),
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and
2.2) $.(A) =0 forn > M,
set

Ty = Z [ sz v a

The set of elements in H satisfying conditions (2.1) and (2.2) is dense in H.

THEOREM 2.1. The transformations T, and T, may be extended to unitary trans-
Sformations from Ly(S) onto H and from H onto L,(S), respectively. Furthermore
T¢=T5'=T,.

The proof of Theorem 2.1 may be carried out in the usual manner and will be
omitted. It is based on the following well-known result, [3]:

fo " I(ErE de f " f &) dr = £,

where f(r) is continuous in (0, ) and [g | f(r)|r*/? dr <. It now follows from
Theorem 2.1 that the functions W2(X; A) form a complete, orthonormal set of
generalized eigenfunctions. Note that for each function ¢(X) in D(4,), (the domain
of A,), we have TO(A0¢)={A$2(A)}. Thus it follows from Theorem 2.1 that the
mapping T, gives a spectral representation for the selfadjoint operator 4,. The
spectrum of Ao, o(A4,), is [0, ). o(4,) is absolutely continuous and the spectral
multiplicity mo(A) of each A in o(A4,) is co. We proceed to establish a theorem
analogous to Theorem 2.1 for the operator A.

3. The generalized eigenfunctions. We shall see later in this section how the
construction of a set of generalized eigenfunctions W, (X; A) of the operator 4
reduces to the solution of the following boundary value problem. Given F(X) in
C>(Q), F(X)=0 for r2r,, A>0, find a function w(X) such that

3.1) (—A—Nu =F. uw=0o0nQ.

Since A is in the spectrum of A, [8], (3.1) is not a well-posed problem in L,(Q)
for all such functions F(X).

For the sake of simplicity, we shall carry out the proofs in the remainder of this
paper for the case Q=S U D, where D* (the reflection of D across the line 8 =n«)
is contained in S. The general domain Q described in §2 may be treated simply by
combining the method used here with that of I. For each point X in D, we denote
by X*, its reflection across 6 =ma. We extend the definition of W2(X; A) by re-
flecting as an odd function across 6 =m«. Thus W2(X; N)=— W2(X*; ), X D.
We denote the extended function again by W2(X; A).

We shall solve (3.1) using the method of limiting absorption, [4]. Setting u,
=(A—A—ie)~1F for £>0, we shall show as in I that u, —, u, where —, denotes
convergence in a topological space x to be defined presently. The function u(X)
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will be shown to be a solution of (3.1) which satisfies certain “outgoing” radiation
conditions at infinity. We begin by obtaining a Fourier expansion for the function

3.2 w(X; k) = (A—x)"'F(X), where Im« > 0,
Set
e . nb
dy(r; ) = f wu(r, 0,x)sm;d0, n=12,....
0

LemMA 3.1. For r=r,, we have

dy(r; ©) = CLUYHP(r),

du(r; k) = Co(k)(dH;P[dr)(<?r),
where the C,(x) are constants, Im «*2>0, and

(3'4) Hr(ula)r = Japu+ i Yn/a’

(3.3)

Y.« denoting the Hankel function.

Proof. It follows readily from the properties of n that d,(r; «) satisfies Bessel’s
equation for r=r,. (3.3) now follows from the fact that u € L,(Q2). Q.E.D.

ReMARK 3.1. It is immediate that 4 can have no positive point eigenvalues,
since the equation Au=Au (A>0) implies as in Lemma 3.1 that for r=r,:

ur, 0) = D, [C1(W2r) + CP Yo (W7r)] sin 0.
n=1

Furthermore, 0 cannot be a point eigenvalue of A4, for suppose Apn=0. Then using
the divergence theorem and the boundary condition p=0 on Q, we have

0= L w(X) Bp(X) dX = fn |Vu(X)|? dx.

Thus p(X) is constant in Q. Since u(X) € Ly(£2), we conclude that «(X)=0. Hence
[0, o0) belongs to the continuous spectrum of 4. Since A4 is a nonnegative self-
adjoint operator, we see that 4 has a purely continuous spectrum.

We define the topological space x as follows. y will consist of those functions
wu(X) satisfying the following conditions: (a) For each ¢>0, r>e, u(X) € Hy(Q, ),
(b) There exists a sequence of functions u,(X) such that for each e>0, r>e,
pa(X) € HY(Q,,), |wn—n#l2,,—0 as n—o0, and each u,(X) vanishes in a
neighborhood of Q (not necessarily the same neighborhood for each n). Given a
sequence of functions {,} in x, we say that u,(X) converges to u(X) in y as n — oo
(tn > w) if |n—ple2.,, —0 for each ¢>0, r>e. Finally, for u(X) in y, set
—Au=Ap.

THEOREM 3.1 (UNIQUENESS THEOREM). Suppose u(X)e H\(L,.) (for a fixed
ri>ro, and each 0<e<ry), w(X)=0 on Q;, and —Ap=>Mu (A>0) in Q,,. Further-
more, suppose

(3.5) 40 = [ e, 9)sin 2 do = CVHZRO),
Ir
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and

(3.6) &) = [ 5w, 0)sin " 40 = CN & Hgioer)

Sor ry=r=ro, where AY'2>0 and the C, are constants. Then p=0 in Q,,.

Proof. Applying the divergence theorem to the functions u(X) and [uw(X)], we
have

0= f ((X) Aa(X) dX— (X Ap(X)) dX

= [ (w0 2255 28 D), g,

Using the conditions (3.5) and (3.6), we have

0= z |Ca(V)|2H, (1)()‘1/2,.1) HE(\2r,)
3.7 B
= 3 1CANIHEROTrs) &, HOMrs),

Now it follows from the theory of Bessel functions that

W Ao, Yol = Ju) 88Dy, () & 1)

=2mr, n=12,...,

W denoting the Wronskian of the two solutions J,, and Y,,. Combining (3.4),
(3.7), and (3.8), we conclude that

(3.8)

(3.9) 0= 2 |G
n=1
Thus C,()=0, n=1,2,..., and
(3.10) p=0 in Qu,.,.
Since p satisfies the elliptic equation (A+A)u=0 in Q,, (3.10) implies =0 in
Q,.. QE.D.

Note that this is a stronger uniqueness theorem than that proven in I. We next
show that subject to the conditions (3.5) and (3.6), (3.1) becomes a well-posed
problem in x. Let Ay denote a bounded subset in the upper half of the complex
plane (Im A>0) such that A has positive distance from the origin. Suppose
)€ Ag j=1,2,..., and let F,(X) denote a sequence of C*(Q) functions which
vanish in Q—Q,, r, being independent of n. Set p,(X; A))=(4—A)) " Fy(X).

THEOREM 3.2. (a) Suppose ||F,|oq-a,<C for each ¢>0, 0<e<r,<oo. Then
l4aC- 5 Ml oce.., = C, the constant C depending only on r and e.

(b) Suppose there exists a function F(X) and a complex number A (Im A2 0) such
that |F,—F|oq-q,—0 and |\;—A| =0 as n, j— o for each ¢>0. Then there
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exists a function w(X) in x such that p, —, p, Ap= M+ F, and u satisfies conditions
(3.5) and (3.6).

The proof of this theorem is almost identical to that given in I and therefore the
details will be omitted. The proof is indirect and may be outlined as follows.
Under the assumption that part (a) of the theorem is false, we employ elliptic
estimates, Rellich’s selection theorem, and the Fourier expansion given by Lemma
3.1 to obtain a nonzero function u(X) satisfying the hypothesis of Theorem 3.1.
Theorem 3.1 then yields the required contradiction. Part (b) then follows from
part (a) using similar arguments.

We next construct the generalized eigenfunctions, W, (X; A), associated with the
operator 4. W, (X; A) is to satisfy the boundary value problem: (A+ X)W} (X; X)
=01in Q, (A>0), W,}(X; )=0 on Q. We reduce this problem to that of solving
(3.1) in the following manner. Set V,} (X; A)= W} (X; A)— W2(X; A). Thus V;} (X; A)
must satisfy the boundary value problem:

A+)VFHX; ) =0 inQ
Vi(X;) = —WoX; ) on(Q.

To reduce (3.11) to (3.1), let {(X) be a cutoff function satisfying the following
conditions:

(D) (X)) e C=(D,

(2) YX)=0 outside of some neighborhood of Q— S and in some neighborhood
of any singular point of Q, and

(3) UX)=1 in some neighborhood of Q—S. Set

Gu(X; X)) = LXOWRAX; N,
Fy(X52) = (=A=)GA(X; A).

(3.11)

(3.12)

By Theorems 3.1 and 3.2, there exists a unique solution u;(X;A) in y of the
equation Ap,;"(X; A)= A} (X; N)+ F,(X; A), such that u;} (X; A) satisfies the radia-
tion conditions (3.5) and (3.6). We now define
Vi (X5 2) = pa (X5 )= Go(X; X),
and
Wi (X; X) = W2X; N+ Vi (X D).
Note that V' (X; ) satisfies the conditions (3.5) and (3.6).

Our aim is to establish the completeness and orthogonality of the functions
W (X; A). For this purpose we shall make use of the following functions
Vi (X; X; k) as well as the properties of these functions given by Theorem 3.3.
Suppose Im «>0. Set

(3.13) Fu(X; A5 k) = (= A=x)GW(X; X),
(.14 pn(X A5 6) = (A=) T F(X5 A5 1),
(3.15) Va(X5 45 6) = pa(X; X5 )= Go(X; X),
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and

(3.16) W (X; X; k) = Vo(X; A )+ WX A

For the sake of reference we state here without proof the following well-known
result, which follows from the theory of elliptic partial differential equations, [1].

LEMMA 3.2. Suppose B is a bounded domain in RY such that B is a C%*7 surface,
j=0. Furthermore, suppose the function w(X)e H,(B) and Ape H(B). Then
4]+ 28, < C | Age||;, the constant C being independent of p.

THEOREM 3.3. Let ¢ be any positive number. (2) Suppose k € Ag. Then there exist
constants C*¢ such that maxq,, |Vi(X;A; <)|SC°A. C® depends on r>e but is
independent of A in (0, 0), n=1,2,..., and k in Ap.

(b) Suppose Im «>0. Then |pa(-;A; ©)|oq, S Ced and | Au.(-; A; )] oq, = Cd,
where the constant C, is independent of A in (0, ©) and n=1,2,....

(©) There exist constants df such that maxq, , |W.(X; A; «)| Sd5, where d;; depends
on r>e but is independent of A and x for X bounded and « in Ag. Furthermore
on-1di <00,

Proof. (a) This follows easily from Theorem 3.2, Lemma 3.2, the definition of
V.(X; A; «), and Sobolev’s inequality.

(b) The proof follows immediately from definitions (3.12)~(3.14), Lemma 3.2,
and the fact that (4—«)~! is a bounded operator.

(c) From definitions (3.12)-(3.16), we have

Wu(X; A5 6) = WR(X; D=L WAX; X)
(3.17) + (A=) (= A= )X WRX; )]
= L(X; )+ 1L(X; )+ L(X; A; «),

and WA(X; \)=(me) " Y2J,,(A?r) sin (nf/). We now employ the following
estimate for the Bessel functions J,,,,, derived from Poisson’s integral representation,
[16]:

IJ(2)| = |GZ)'K(Z)/[T+1),

where K(Z) is a continuous function of Z. Using the properties of the Gamma
function I'(v), it follows readily that

(3.18) max |J,.(AY2r)] < K(\W2r)ds®,
Qe,r
where S2_, d5’ <o. Similarly, we have
(3.19) [JaaW2r)| £ KQM2r)ds®, where > di® < co.
n=1

Estimate (3.18) immediately implies

(3.20) max |I(X; N)| £ Cd5®,  j=1,2, where di® = max (d5”, di®).
Q¢ r
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We now consider I;(X; A; ). It follows from Theorem 3.2 and Lemma 3.2 that
for 6>0
max | (4 —«) (- A= )UWAX; M)]|

' < € max |[(—A—«)[Ur)WR(X; V]|

ns,r +6

Estimates (3.18), (3.19) and (3.21) yield

(3.21)

(3.22) max |I(X; A; 6)| < Cd®, where Z di® < 0.
e, T n=1

The theorem now follows from (3.17), (3.20) and (3.22). Q.E.D.

4. The expansion theorem. We proceed to establish the completeness and
orthogonality of the generalized eigenfunctions W, (X; A). These results will
follow from Theorems 4.1 and 4.2, respectively. First we define a pair of linear
transformations from Cg(Q) into H. Suppose #(X)e Cs(Q). For A>0 and
Im «>0, set

@ 74 = G0 = { [ WEED00 ax,
and
42 G0} = { [ T 000 dx

LeMMA 4.1. Suppose $(X) € C5*(Q). Then

(@) $.(A; ) is continuous as a function of « for fixed X and n.

(b) |$,,(A; k)| £ CA, where C denotes a constant independent of A, n, and « for A
in (0,00),n=1,2,...,and x in Ap.

The proof is a simple consequence of the definition of W, (X; A; «), Theorem
3.2, Lemma 3.2 and the Schwarz inequality. We now state the main theorems of
this section.

THEOREM 4.1. (@) T* can be extended to a unitary transformation from L,(Q)

onto some subspace & of H.
(b) For each f(X) in Ly(Q) and each bounded measurable function s(}):

(4.3) GANT = LSO

Furthermore f € D(A) if and only if {\M;} (\)} € H and in this case (Af)F ()= M+ (V).
(c) For each f(X) in Ly(Q2), we have

© b
(4.4) f= lim > f FHOWH(X; X) dh.
al0,bto n=1Ja
THEOREM 4.2. For each g={g,(A)} in H, we have

Y

(4.5) g= T+( Lim > Lb g WWH(X; N dA)-

alo, bfw n=1
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Note. Equation (4.4) is called the completeness relation and Equation (4.5) is
called the orthogonality relation.

The proofs of these theorems are similar to the corresponding proofs in I and
therefore only when changes occur will the arguments be explicitly given. Now
suppose that {E,} denotes the spectral resolution of the selfadjoint operator A.
Thus E,+=E, and A= A dE,. Our proof of Theorem 4.1 will be based on the
well-known formula, [15]:

(46) KBt B Ny HEet BN Ny = & [ 1R Ve .

We shall evaluate the right-hand side of (4.6).
LEMMA 4.2. Suppose $(X) € C&(2) and Im «>0. Then

||Rz¢||?12<m—f [Red(X)- Red(X*) + Red(X*)- Red(X)] dX
4.7 P 2 |d.A; ©)|2 dA
- gl j |$a(A; ©)|2 dA

0 [A—x|2

Proof. Let 2’ represent the set of elements in H satisfying conditions (2.1) and
(2.2) and denote by 2 the set of functions y(X) defined in S such that T% e 2"
For such a function #(X) in 2, set

PE(X) = $(X) for Xin §
= —y(X*) for Xin D.
We first establish the equation

438 Re(@®) = R(X; k5 9) = 21 f: sIJS(A)W,,)f)_(i< A; k) dA

Since W,(X; X; ) =0 on €, it follows from the definition of R(X; «; ), Theorem
3.3(b), and the properties of $3(A) that R(X; «; ) € D(4). We now easily obtain

(= A= R(X; K3 ) = Z [ moowec; n an = g,

since Wo(X; )= — W2(X*; X) for X in D. We have thus proven (4.8).
Since R, and R; are adjoints, it follows from (4.8) that

(49 (Reb ¥ = (@ Reby = 5 7 HOREA D

K

where we interchanged the order of the integrations and summation in the last
step. Define G (X)=(R¢$)(X*) for X in D*, and set G(X)=0 for X in S— D*.
Since YE(X*)= —yF(X), we easily conclude from (4.9) that

@10 oReb= G o = 3 [ ROy G

where x denotes the characteristic function.



1969] EIGENFUNCTION EXPANSIONS. III 293

Lemma 4.1 implies that the element

‘l;n(’\; K)
o= E)(/\+n)2} €H.

It follows from Theorem 2.1 that

) © W 0 —
@) (aReb= Gt = 3 [ RN B0 o

It is easily seen that the set of elements {}3(A)(A+n)?}, where ¢ € 9, is dense in H.
We thus conclude from (4.10) and (4.11) that

(4.12) (tsReb— G2 = 4,(; /(A R).
Again employing Theorem 2.1, we have proven the lemma. Q.E.D.
We are now ready to prove the following key result.

THEOREM 4.3. For each ¢(x) in C§(Q):
© b
(4'13) %((E0+Eb_)¢’ ¢)0(m_%((Ea+Ea')¢, ¢)0(n) = Zl J‘a |¢;{(/\)I2 dA‘
Proof. Suppose «=7+ic. By Lemma 4.2, we have

iim 2 [* IR, bl dr
—lim & f f [Re(X)- RefX®) + Rep(X )R] dX dir

el0m
4.14) — lim S J’ |¢n()\ K)|2 d\ dr
B 0T Ja =1 IA K|2
T < [qﬁn()t K)|? d‘rd)t
—imt > f, [ ey

using Fubini’s theorem to interchange the order of the integrations and summa-
tion. Before completing the proof of the theorem we must establish the following
lemma.

LEMMA 4.3. Suppose ¢(X) € C5* (). Then

SRS °|.(A; ©)|? dr dX
(4.15) l:ll'%"n_—.lj‘b+1 a (/\_7)2+e 0.

Proof. Suppose $(X) € 2. It may be shown as in I that

5 [ BTG - FEw] &

(4.16)

<c j |U(X; 0)|? dX,
B

where B=support of #(X), C is a constant depending only on ¢(X), $3°(\)=
fa CXOWL(X; X) dX, and

Uy(X; ) = Z [ mowece a9,
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We wish to bound the integral occurring on the right-hand side of (4.16). Note
that U,(X; «) satisfies the boundary value problem:
-A-x)U, =0 in Q,
4.17) (=A=)Uy
Uy(X; k) = —¢F(X) onQ.

It follows easily that
Uu(X) = —UXWEX) +(A— 1)~ (- A=) (X).
We observe that Theorem 3.2(a) and the linearity of 4 imply:
I(4—)~*Flog, = C|F],

the constant C being independent of k= r+ie (7 € [a, b], e, =¢>0), as well as all
functions F(X) in C*(Q) with the same bounded support. We now conclude
easily that

[ 1wxs e ax s ¢ [ (-a-pc0p ax.

Combining this with estimate (4.16) and Theorem 2.1, we obtain
S [ k@G 4
< -8+ Dl = € 3 [T A+ 01RO

where C depends only on ¢(X).
Expressing estimate (4.18) in the form

21 J:o Qn()‘)[ ?l (Al)-:rn(A, K)] dA é c "Zl J*an |Qn(A)|2 d)‘,

where 0,()=42(X)(1+ X), we see that (4.19) holds on all of H since it holds on a
dense subset. It follows from Lemma 4.2 that the element

{¢°E()\)1 +¢;(>\ K)} cH.

Therefore an application of (4.19) to this element yields
i f‘” 270 — $a(X; |2 dA
n=1

(4.18)

(4.19)

IA

T+ A7 C.

Since C is independent of «, Lemma 4.3 follows immediately. Q.E.D.
We now return to the proof of Theorem 4.3. By (4.14) and (4.15), we have
b
tim2 [ R, bl dr
(4.20) —lim & f f [Re(X)- Ref(X®) + Rep(X*)- Reg(X)] dX dr

elom

. ver o 13 9
= n dr d\.
‘:?3"” f f(A Pt
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First note that the second term on the left-hand side is zero because

2 ["ar [ (RBOORFTI+ RebXRATD] dX
<2C max |Reb(X)] | Re(X*)] < <C,

m XeD*; tela,b

where the constant C is independent of e. This follows from Theorem 3.2, Lemma
3.2, and Sobolev’s inequality.

It follows from Theorem 3.3(c) that the series on the right-hand side of (4.20)
converges uniformly with respect to . Hence we may interchange the limit and the
summation to obtain

b © b+1 v (L () 2
421) limZ | |Ri_wdlZc dr = lim & (7 1820 0|2 d7 dA,
€107 Ja ? -1 Jo

erom ), (A—7)2+€2
We next employ the following result [14]:
If f(7, ¢) is a continuous function of = and ¢ for 0<e<e¢, and < 7<B, then

e (f fre .
4.22) 1:%;L o = 0 ifAd<aorf <A,

=f(4,0) ife<d<§B.
(4.21) and (4.22) now yield

b ©
(423) tim 2 [ R -l dr = . [ 2O
a n=14va

Combining (4.6) and (4.23), we have proven the theorem. Q.E.D.

Having established Theorem 4.3, we may prove Theorems 4.1 and 4.2 exactly
as in I (since 4 has a continuous spectrum by Remark 3.1). The proofs will be
omitted here. Theorems 4.1 and 4.2 together imply that A is unitarily equivalent
to Ao. The functions W, (X; A) form a complete, orthonormal set of generalized
eigenfunctions of 4. The conditions (3.5) and (3.6) satisfied by V,;(X; A) are called
““outgoing” radiation conditions. In the same way, we may construct another
complete, orthonormal set of generalized eigenfunctions, W, (X; A)=W2(X; A)
+ V5 (X; ), where V7 (X; A) satisfies certain “incoming” radiation conditions at
infinity. These conditions are the same as (3.5) and (3.6) with H}2(AY?r) replaced
by HZ(A2r)=J,,4(AY3r) — i Y,,(A*?r). For ¢(X) in CL(Q), set

76 = i) = { [ 0z x|
Theorems 4.1 and 4.2 now hold with T'* replaced by 7.

5. Invariance of the wave operators. In this section we employ methods similar
to those used in II to establish the existence, unitarity, and invariance of the wave
operators W*=W=*(¢(A4), $(4,)) for a class of functions #(A) satisfying the
following conditions:

(i) #(}) is a real-valued function defined on [0, o).
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(if) There exists a sequence of subintervals Iy =(Ag_;, A¢) of (0, ) such that
0, 0)=Ug- —w Iy, Ay >0 as K— —o0, Ay — 0 as K— o, ¢(X) e C3(I), and
¢'(N)#£0 for Ain Iy.

We define the wave operators as follows. For each f(X) in Ly(S) (Ly(Q)), set
Uo(t)f=e" 4 f (U(t)f=e**f), —oo < t<oo. Recall that we are assuming through-
out that Q> S. The arguments may easily be modified in the more general case. We
let j(X) denote a cutoff function defined in Q such that:

(1) j(X)=0 for rozr, (2) j(X)=1 for r=r'>r, and (3) j(X)e C=(S). For
$(X) in CE(S), set JY(X)=j(X)¥(X) for X in S and zero for X in Q—S, and
extend J by continuity as a mapping from Ly(S) into L,(Q2). We define

5.1 W=f= lim U(—t)JUy(t)f =, lim W()f
t—++ o -+
for f(X) in Ly(S). We now prove the main result of this section.

THEOREM 5.1. (a) Suppose feLy(S). Then W*f=lim,, o, W({t)f exists in
L, (Q).
(b) If W) >0 (F'(N)<0) on I, then (W*1)EN) =AW )7 M) =£2N) for A

in IK.

Proof. Consider the subset 2 of elements f(X) in L,(S) satisfying the conditions:

@) f2(N) e Cg(0, ), n=1,2,...

(b) £°(N)=0 for n= M, and

(c) the support of £2(X)< I, where ¢'(A)>0 in I.

To begin with we assume that ¢(X) e C*(0, c0). Applying the same arguments
as in the proof of Lemma 4.1 in II, we obtain

(52) NI = UNEW- [ dr [ HOG X 1008+ NGO D) dX
where

H o =i 5 [ waonp CG=2D gy

]

5.3) -exp (,-t [¢(§) —d(N) + ,e(é%}f(—)‘))] ) =dl  forXinS

=0 for X in Q—S.

Now suppose $(A) is an arbitrary function satisfying (i), (ii) and suppose a closed
subinterval [a, b] of I, contains the support of f2(X) for all n. Let $,()) denote a
sequence of C* functions satisfying (i), (ii) and such that ¢;(A) — #(X) and $;(})
— ¢'(X) uniformly on [a, b]. It follows readily that H'(X; A; ¢; 0) — H(X; A; t; 0)
and (W/())EN) — (WQ)f )E(X) for all Ain [a, b] where H’ and W/ are defined by
(5.1) and (5.3) respectively with ¢(2) replaced by ¢;(A). Thus (5.2) holds for A in
I.. Similarly (5.2) may be shown to hold for A>01in [;, j=1,2,....
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Again it follows as in the proof of Lemma 4.1 in II that as t — +o0:

WONEX) 2N
uniformly in an arbitrary interval [c, d]<I;, j=1, 2,.... We may easily conclude
from this that
(5.4 W@ONH*—=f° ast— too,

— denoting weak convergence in H. We next show that

(5.5) IWONF a1l ast— oo

Since Uy(T) and U(¢) are isometric, we have

HIWOS | 1 fleasl = | ITUOS |y — 1 Uo()f | o]
S |A=DUs@)f || oes
< anax | Us(8)f(X)]

where B is a bounded subset of S. We may deduce from the unperturbed expansion
theorem and integration by parts that

max [Uo()f(X)| = O((1+[t)7").

Thus (5.5) is proven.

We now employ the following well-known theorem of functional analysis.
Suppose { Y, } denotes a weakly convergent sequence of elements in a Hilbert space.
Suppose also that | Y,| — || Y|, Y being the weak limit of Y,. Then Y, converges
strongly to Y. In our case the hypotheses of this theorem hold as a result of (5.4)
and (5.5). Thus

(5.6) WNH)*—f° inHast—> +oo.

Finally, suppose f=f,+ - - - +f;, where f; satisfies conditions (a)~(c) for 1 <j</
and suppose that the functions f; have their supports contained in mutually
disjoint intervals, I;. Then we see from (5.6) that (W(t)f,); — f? as t —> +o0. By
the linearity of W(t), T°, and T*, we see that the conclusions of the theorem hold
for these functions f(X). Similar arguments suffice if ¢'(A)<0 in some of the
intervals I;. Since the set of such functions is dense in Ly(S), the theorem is
proven. Q.E.D.

Having established the existence and unitarity of the wave operators W<, we
define the scattering operator & as follows. For each function f(X) in Ly(S), set

5.7 Lf =WH W f.

It follows from Theorem 5.1 that & is a unitary mapping from L,(S) onto Ly(S).
Finally we remark that this theory could easily be carried over to the case of the
wave equation in Q. The Hilbert space employed in this case is the space of initial
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data in Q with the corresponding energy norm. Since the details are essentially the
same as those in II, they will be omitted.

6. The scattering matrix. We shall obtain a more suitable expression for the
scattering operator & defined by equation (5.7). The dependence of % on the
incoming solutions ¥V, (X; A) will show up clearly in this expression. Let 2 be
the dense subset of L,(S) consisting of functions f(X) such that (T7) 1T (X)
€ C{(Q).

THEOREM 6.1. Suppose fe & and X € I, where ¢'(A\)>0 on I,.. Then

(FHN) = fo)+ Z )2,
where

o) = =201 | T DVaX; 2 dX,

and F,(X; M) is defined by (3.12).

Note that by (3.12), F,(X; A)=(—A—N){X)W2(X; X), where the cutoff function
{(X) was defined in §3. We denote by r; a real number chosen such that {(X)=0
for r>r, >r,. We make the following additional assumption for the function {(X).
&L(r, 0)/06°=00n Q, j=1,2,....

Proof. It follows from Theorem 5.1 that

(FNN) = THTH) 7))

6.1
61) - 200+ [ TFORN TR D)(T) /(0) .

Using the definition of V;f(X; A) and Theorem 4.1, we have from (6.1);

S _ fo 2 [ [FE NN EC D))
6z PO =Fe+ [ im 5 [ [ECD)_EL D)

Wi (X; X)TH)~fo(X) dX' dX.

Since (T~)~f° has compact support, we may use Theorems 3.3, 4.1 and 4.2 and
the fact that F,(X; A) € D(4%), j=1,2,..., to conclude that

(SR = f209 +lim > [REEDRO
(6.3) Fiom=1s0 1 1 ,
'[A'—A+ie‘x'—h-ie] ax.

Since F,(X; A) and f(X) € D(4), j=1, 2, ..., we obtain with the aid of (4.22):

6.4) (RO =SSN+ D NI

n'=1
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where

tow ) = =27 [ FLOG D06 D+ Va(X; W) dX.
Q
— —_— 0[ .
[ Fomweoe v ax = [ | -waorn KD
Q lro
(€5 aWI(X; X
+% WAX; A)] do
= 0.

Combining (6.4) and (6.5) we have proven the theorem. Q.E.D.

It appears from Theorem 6.1 that the coefficients ¢, ,.(A) depend on the function
{(X) as well as W,(X; A) and W2(X; A). This apparent dependence on {(X) is
only superficial, however, as will be seen from the following corollary.

COROLLARY 6.1. t, .. (A)=4(ma)''2C, ,.(X) where
ValX; D) = D Cpu(NHyo(M2r) sinﬁ 0 forrz=r,
=1
Proof. We have from Theorem 6.1,

tn.n’(A) = —2mi J; Fn(X; A) Vn_'(X; )\) dx

—2mi f Va(X; D(=A—NUX)WAX; V) dx

—2mi j W,(X; N(=A— (LX) - WAX; W) dx,

since (—A—)W(X; )=0in Q.
Employing the divergence theorem, equation (3.8), and the definitions of {(X),
WA(X; X), and V;(X; A) we obtain
oo (X) = —2mi f

Q,;,u(Q-Q;,

~2mi [, @UO-DWR0G N 5 WX Y

, EXO=DWX; D(=A=-HWr(X; X) dA

~ Wi (X: ) 52 Q0= DWEK D) do
= —4mx)"?Cpw(N). Q.E.D.
Note that since
HNPr) = HE20w),
and W2(X; ) is real, it follows from Theorem 3.1 that

(6.6) Vi(X; D) = Vi (X; .
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Thus Theorem 6.1 also expresses the scattering operator in terms of the outgoing
solutions. If ¢'(A)<0 on I, analogous formulas hold for the elements of the
scattering matrix.

7. Extensions of previous results. We next extend the previous results in various
directions. The methods we have used are rather general and depend on the fact
that the operator 4, may be treated by separation of variables. Thus we may obtain
similar results concerning boundary perturbations of various other domains (of
arbitrary dimension) as well as other selfadjoint elliptic operators for which
separation of variables may be employed. For example, the results of I and II now
follow even for the case in which the perturbed cylinder Q is not a subdomain of
the unperturbed cylinder S.

Instead of boundary perturbations, we may treat perturbations in the coeffi-
cients of the equation or in the boundary conditions. For instance, we have the
following two theorems, (where A, and S again denote the operator and domain
defined in §2).

THEOREM 7.1. Suppose A denotes the selfadjoint elliptic operator given by
—2ii=1,...n (0/0X)(ai;0/0X;)—q(X) acting on functions defined in S and vanish-
ing on S. Suppose that 8;—a;(X)=0 and q(X)=0 for r sufficiently large and that
a;;(X) e CXS), q(X) € C(S), (8;; denoting the Kronecker delta). Then two sets of
generalized eigenfunctions W,t(X; A) may be constructed satisfying the radiation
condition (3.5), (3.6). Furthermore the results of Theorems 4.1, 4.2, 5.1 and 6.1 hold
in this case with A replaced by A° (the continuous part of A).

THEOREM 7.2. Suppose the selfadjoint operator A is given by — A acting on functions
w(X) defined in S and satisfying the boundary conditions: o(X)ou/dv=pu on S, where
v denotes the outward directed normal from S, o(X) € C*(S) and o(X) vanishes for r
sufficiently large. Then the results of Theorem 7.1 hold.

The task of constructing the generalized eigenfunctions W £(X; A) corresponding
to Theorem 7.1 is reduced to that of solving the boundary value problem:

2 o ,
S i (au(X) o VX A)) AV X

ihi=1,...,

(1) = > H(6aon PEED) qeomeay s,

i,j=1,..,N

Vi (X;) =0 ond.
For Theorem 7.2, the boundary value problem becomes

A+)V(X;) =0 in S,

(1.2) awgg; N ons

o0 Dy x50 = —o(x)
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Both (7.1) and (7.2) may be solved by the methods employed in §3. The solutions
satisfy the same radiation conditions as before. The results of §§4-6 then follow in
exactly the same way. Note that these results also hold when 4, corresponds to the

boundary condition

oul/on = o(6)n on S, where ¢ < 0.
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